Model order reduction is a well-established technique for fast simulation of large-scale models based on ordinary differential equations, especially those in the field of integrated circuits and microelectro-mechanical systems. In this paper, we propose the use of parametric model reduction for fast simulation of a cyclic voltammogram. Instead of being considered as a time varying system, the model for a cyclic voltammogram is treated as a system with a parameter (applied voltage) which is to be preserved during model reduction. Because voltage is preserved in the symbolic form during model reduction, we can simulate the cyclic voltammogram with a reduced system and therefore invest much less time and memory as compared with direct simulation based on the original large-scale model. We present our approach for a case study based on scanning electrochemical microscopy.
INTRODUCTION
During the last 15 years, Scanning Electrochemical Microscopy (SECM) has evolved from a basic feedback application to a powerful tool for analyzing local electrochemical properties or for modifying surfaces. 1 In recent years, the addition of submicron-scale spatial resolution has increased its capacity for interdisciplinary applications. For example, the technique has been used to measure local kinetics and study chemical reactivity and topology of samples or micro fabrications. In particular, SECM finds many applications in current problems in the biological field. For instance, procedures to characterize surfaces with high local resolution and chemical sensitivity are of great importance for biotechnology, biomedicine, and biosensors. With the combination of chemical specificity and spatial resolution, SECM offers a unique basis for studying surface properties in the sub-m range.
Quantitative mathematical models have been developed for different operating modes of the SECM, for example, feedback and generator/collector modes, steady state and transient measurements, diffusion-controlled or kineticcontrolled processes. 2 3 However, except for some very specific problems, like the diffusion-controlled current on a circular electrode far away from the border, solutions can only be obtained by numerical simulation, which is based on discretization of the model in space by an appropriate method like finite differences, 4 finite elements, 5 or boundary elements. 6 7 After discretization, a highdimensional system of ordinary differential equations is obtained. Its high dimensionality leads to high computational cost. This results in a situation where an accurate model is available in principle but is hard to use in practice.
In recent years, several model order reduction (MOR) methods [8] [9] [10] have been proposed in order to get a quick and accurate simulation of very large-scale integrated circuits and micro-electro-mechanical systems (for a quick overview see. 11 ) They have proved to be very efficient but to our knowledge, they have not yet been applied to electrochemical simulation. One of the reasons is that there are at least two additional problems that should be solved before model reduction can be employed in electrochemistry. Dr. Jan G. Korvink obtained his M.Sc. in computational mechanics from the University of Cape Town in 1987, and his Ph.D. in applied computer science from the ETH Zurich in 1993. After his graduate studies, he joined the Physical Electronics Laboratory of the ETH Zurich, where he established and lead the Modelling Group. This was followed by a move to the Albert Ludwig University in Freiburg, Germany, where he holds a Chair position in microsystem technology and runs the Laboratory for Microsystem Simulation. Currently, Dr. Korvink is dean of the Faculty of Applied Science. He has written more than 130 journal and conference papers in the area of microsystem technology, and co-edits the review journal Applied Micro and Nanosystems. His research interests cover the modelling and simulation and low cost fabrication of microsystems.
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In order to derive a mathematical model for electrochemistry, at least one reaction between two species should be considered. Therefore, it is impossible to set the initial state of all the species equal to zero. Hence, the initial condition of the ordinary differential equations is always nonzero. It happens that for such a system, the conventional model order reduction methods [8] [9] [10] [11] cannot be applied immediately because they deal only with systems possessing the zero initial condition. In this paper, we propose a
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Parametric Model Reduction for Fast Simulation of Cyclic Voltammograms transformation technique, which avoids the nonzero initial condition so that the methods above can be successfully applied to obtain an accurate solution.
Another problem is that, during simulation of a voltammogram, the voltage that changes in time enters the system matrices. Formally speaking, this makes a dynamic system time varying and hence conventional model reduction methods 8-11 cannot be applied. There are special model reduction methods for time varying systems 12 13 but, in our view, one can suggest much more efficient solution by exploring the special structure of the dynamic system in the case of electrochemistry by relying on parametric model reduction methods. 14 15 In the present paper, we will show that, after proper modification, the time varying electrochemical model for voltammogram simulation can be successfully reduced by the parametric model reduction technique.
The paper is arranged as follows. In Section 2, we describe our case study and the derivation of the discretized ordinary differential equations (the starting point for model order reduction). It is worthy to note two points here. First, we use a model based on scanning electrochemical microscopy. In this case one can ignore convection and this simplifies modeling. However otherwise, our setup is common to many typical experiments in electrochemistry. Second, our goal is to perform research on model reduction. As a result, we make comparison between the original full scale and reduced models only. The validation of the original model is beyond the scope of the present paper.
In Section 3, we review conventional model order reduction methods based on a projection technique and show its limitations when dealing nonzero initial conditions and time varying systems. Then we propose a transformation technique, which solves the problem with nonzero initial conditions. Then we show how to apply parametric model reduction to solve the electrochemical model when system matrices depend on voltage changing in time. The efficiency of parametric model order reduction is presented in Section 4 with numerical simulation results. Finally, some conclusions are drawn.
CASE STUDY
We consider a cylindrical electrode as shown in Figure 1 . The computation domain under the 2D-axisymmetrical approximation includes the electrolyte under the electrode. We assume that the concentration does not depend on the rotation angle. A single chemical reaction takes place on the electrode:
where k f and k b are reaction rates for the forward and backward reactions accordingly. According to the theory of SECM, 2 the species transport in the electrolyte is described by diffusion only. The diffusion partial differential equation is given by the second Fick law as follows
where c 1 r z t is the concentration field of species Ox and c 2 r z t is the concentration field of species Red, D 1 and D 2 are the respective species diffusion coefficients, t is the time. The initial conditions are
Conditions at the glass and the bottom of the bath are described by the Neumann boundary conditions of zero flux c 1 · n = 0 and c 2 · n = 0
Conditions at the border to the bulk are described by Dirichlet boundary conditions of constant concentration, equal to the initial conditions
To describe the reaction rate on electrode surfaces for chemical reaction (1), the Buttler-Volmer equation has been used,
The reaction constants for the forward reaction and the backward reaction are given as follows
where k 0 is the heterogeneous standard rate constant, and is an empirical transmission factor for a heterogeneous reaction. F is the Faraday-constant, R is the gas constant, T is the temperature and z is the number of exchanged electrons per reaction. u = U − U 0 is the difference between the electrode potential and the reference potential. This difference, to which we refer below as voltage, is changed during the measurement of a voltammogram. This allows us to write the boundary conditions at the electrode as follows,
The control volume method has been used for the spatial discretization of (2) and (3) (see Fig. 2 ). The considered domain is covered by a grid consisting of N n nodes with x i ∈ i = 1 2 N n . These nodes are connected by edges as shown in Figure 2 . The resulting triangular mesh, in which no angle is bigger than 90 is of type Delaunay, also known as the primary mesh.
Around each node i, we construct a box i whose edges are composed of the mid-perpendiculars of all the edges terminating in node i. These boxes form the secondary or Voronoi mesh. The resulting equations for the discretization are given as follows:
where i stands for the i-th node and the sum over j includes all neighboring nodes. S i j is the distance between the nodes i and j. i j is the length of the part of Voronoi mesh which belongs to the Delaunay element and the nodes i and j. V i is the volume (in 2D the area) of the Voronoi cell which belongs to node i. Equations (9) and (10) are not yet coupled. The coupling arises from the discretization of the mixed boundary conditions at the electrode. The resulting system of ordinary differential equations is as follows
where E and K u t ) are system matrices, K u t ) is a function of voltage that in turn depends on time. The voltage appears in the system matrix due to the boundary conditions (8) where, in turn, the voltage comes from Eqs. (5) to Eq. (7). c ∈ R n is the vector of unknown concentrations, R n means that there are n elements in the real-valued vector c, n is usually referred to as the dimension of the system (11). The vector c includes both the Ox and Red species. The vector F is the load vector, which arises as a consequence of the Dirichlet boundary conditions imposed at the bulk boundary of the electrolyte. The total current is computed as an integral (sum) over the electrode surface.
MODEL ORDER REDUCTION
General Idea of Model Order Reduction
The dimension n of system (11) is usually around 10 4 -10 6 . It is always time consuming if we use conventional numerical integration methods, for example backward Euler, to directly simulate (11) time step by time step over a typical time interval. The model order reduction technique replaces the original large dimensional system (11) with a compact model and at the same time, makes sure that the solution computed from the compact model is as accurate as that computed directly from the original large system. Most often, model order reduction is based on a projection technique when the projection basis is found by implicit moment matching. [8] [9] [10] We refer below to these methods as conventional model reduction. It should be noted that there are other approaches for model reduction like balanced truncation approximation and proper orthogonal decomposition (see review 11 for details). However, the parametric model reduction introduced in Section III.D is the generalization of implicit moment matching and at present it is unclear how to preserve parameters in other model reduction approaches. As a result, we limited ourselves in the present paper to model reduction methods based on implicit moment matching.
It should be noted here that conventional model reduction can deal with models with constant system matrices only. In other words, in Eq. (11), it is required that the matrices E K F do not depend on time or some other parameters. For simplicity, we assume in this section that the matrix K is formed at a constant voltage value. The basic idea of model order reduction is to find a projection matrix V such that V T V = I and the unknown vector c can be sufficiently approximated by c ≈ Vz, with a rectangular matrix V ∈ R n×q such that the number of columns much less than the number of rows, q n. This gives us
After multiplying (12) by V T from the left, we obtain the final reduced small system (compact model) with unknown vectorz ∈ R q , which is of much smaller dimension q:
Conventional Projection Technique
In order to perform model order reduction described in subsection A, the projection matrix V needs to be computed. With the assumption that the initial condition of the system is zero ( c 0 = 0 , the conventional method of constructing V is based on the transfer function of the original system (11). In the case of system (11), we are not interested in the complete concentration vector c but in a few outputs computed as linear combinations of
Natural choice for electrochemistry here is the current that is computed directly from the concentration vector as a linear combination. Provided that the matrix K is constant, the Laplace transformation of (11) and (14) with initial condition c 0 = 0 is as follows
The transfer function is defined as
By choosing an expansion point, s = s 0 + , H s can be expanded into series around s 0 ,
where
by satisfying V T V = I. In Eq. (18), spancolumn means the subspace spanned by the columns in V ; span means the subspace spanned by r Mr M j r. The condition V T V = I means that the columns in V form a group of orthonormal vectors for the subspace spanned by r Mr M j r. Usually, the reduced system (13) can approximate the original system (11) quite well even for small j. The reduced system will be more accurate if more terms are included in the right hand side of Eq. (18). Detailed theoretical proof is given elsewhere. 9 The conventional method of computing V has an assumption that the initial condition of the system must be zero so that a transfer function in the form of Eq. (16) can be obtained. However, from the Laplace transformation of the system in Eq. (11), we have that
After integration, we actually obtain
The expression in Eq. (19) contains c 0 . When c 0 = 0, it is the same as Eq. (16) . However when c 0 is nonzero, only the first part in Eq. (19) would be considered to construct the projection matrix V as is done in Eq. (18) and the resulting reduced model might be inaccurate.
Another reason is that with the reduced model we cannot describe well all possible initial conditions. We mean that Eq. (11) From the above analysis, we can conclude that there are two important difficulties to overcome before conventional model reduction can be employed for the model described by Eq. (11). First, the initial condition of the system is always nonzero in our case, i.e., c 0 = 0. Second, in Eq. (11), the matrix K u t ) depends on the voltage that in turn depends on time in the simulation of a cyclic voltammogram. This feature must be preserved in the reduced model. In the following subsections, we will first propose a transformation technique to validate the conventional model reduction method for the nonzero initial condition. Then, we review the parametric model reduction technique to deal with the voltage dependent case. Finally, we combine the parametric model reduction technique with the transformation technique to obtain a reduced model for Eq. (11). 
Projection Technique with Transformation
The natural solution for a problem above is to transform system (11) to the standard state-space formulation. Let us define a new unknown vector˜ c = c − c 0 and then obtain a new system for˜ c E˙ c
It is clear that the transformed system (20) possesses zero initial conditions by definition so that the conventional projection technique of subsection B can be employed to perform model reduction on this new system. One can prove that
where 
The same way as in Eq. (12) and (13), we obtain a small dimensional reduced system as follows
The unknown vector c for the original system (11) (22) is identical to the exact initial condition c 0 . In the end, the accuracy of the reduced system (22) will only depend on the accuracy of projection matrix V , which is easily met by adding more terms into the right hand side of Eq. (21).
Parametric Model Reduction
In this subsection, we review recently developed model reduction methods which can preserve parameters during the model reduction process. We will show how they can be applied to the time varying electrochemical model in Eq. (11) in the next subsection.
The parametric model reduction method proposed in Ref. [13] deals with a two-parameter system in the following form
where corresponding reduced model is
The projection matrix V is computed from the transfer function of (24) where we explicitly write that it depends on both parameters
h s 1 s 2 can be expanded into series of both s 1 and s 2 ,
The moments for both parameters are as follows
the projection matrix V is computed based on the moments in Eq. (28), that is
0 b (29) Theorem 4 in Ref. [14] guarantees the accuracy of the reduced model by proving that a certain number of the moments in the reduced model (25) will match the corresponding moments in the original model (24):
This method was extended to systems with any number of parameters in Ref. [15] , where a linear system with p parameters is defined as
Since c does not contribute the projection matrix V , the series expansion of x instead of the transfer function is considered in Ref. [15] . From (30) we have
is similarly defined as in Eq. (27). The projection matrix V is constructed by the terms of the series above, that is
In this way of computing V , there is another theorem in Ref. [15] which proves that the moments included in Eq. (31) are conserved by the reduced model. In the next subsection, we will show the applicability of this method to the model of Eq. (11).
Application to the Electrochemical Model
For the electrochemical model in Eq. (11), the system matrix K depends on the voltage which in turn plays the role of an input function that changes in time. According to the theory from Section 2, we can express this dependence as follows
where G D 1 D 2 are constant matrices and s 1 and s 2 are the functions of the voltage applied to the electrode As result, the system (11) can be re-written as follows:
where the two scalar functions s 1 t s 2 t are considered as parameters. Taking into account that the initial condition of system (11) is a nonzero vector, c 0 = 0, the Laplace transformation for Eq. (32) produces
where x s is the Laplace transformation of c. By comparison, (33) is different from (30) when p = 3. This means that (31) cannot be used yet to construct the projection matrix for Eq. (32). However, as has been discussed in subsection C, we can first transform the vector in Eq. (32) as˜ c = c − c 0 without loss of accuracy and obtain a new system with respect to˜ c,
For the new system, the initial condition is exactly zero, c 0 = c 0 − c 0 = 0. After Laplace transformation, (34) becomes,
with
Equation (35) is of almost the same form as Eq. (30), except that the vector b in Eq. (30) is not related with the parameters, whereas the vector F is dependent on two parameters. However, one can deal with this just after inspecting Eq. 
The final reduced model is
After obtaining the solution z in Eq. (36), we return back to the solution˜ c in Eq. (34) via˜ c ≈ Vz, the original solution c in Eq. (11) can be computed by c =˜ c + c 0 .
In the next section, we will show the efficiency of parametric model reduction for the simulation of a voltammogram with numerical simulation results for the case study described in Section II.
NUMERICAL EXPERIMENTS
In this section, we present simulation results to show both the accuracy of the proposed transformation technique to deal with nonzero initial conditions and the efficiency of the parametric model order reduction method combined with the transformation technique. Figure 1 and Figure 2 show the layout of the scanning electrochemical microscope for which the partial differential in Eqs. (2) and (3) is derived (see Section II). Figure 1 is the computational unit and Figure 2 is the discretization scheme of the control volume method. The resulted system in Eq. (11) is of dimension 16912, that is c ∈ R n , and n = 16912. We have limited the dimension of the system on purpose, as our goal was to research on the method rather than to develop a scalable implementation. In the figures below, q represents the dimension of the reduced small system, that is, the unknown vector z ∈ R q . In order to give clear and simple description for the transformation technique, we simulated the current after imposing voltage E −E 0 = 0 1 V, that is, we set the system matrix K in Eq. (11) as a constant matrix. The simulation In Figure 4 , we show the plot of the solution for the current. We compare the solution by conventional projection technique and the solution by the proposed transformation technique with the solution computed by direct simulation. One can see that for the conventional projection technique (dotted line), the reduced system of dimension 100 cannot reproduce the initial condition of the current. At the same time, the solution derived by the proposed transformation technique is indistinguishable from the solution computed by traditional direct simulation.
The simulation errors of the two model order reduction techniques are displayed in Figure 5 . The error is defined as error = y t −ŷ t
where y t is the current computed by direct simulation for system (11),ŷ t is the current computed by reduced In Figure 6 and Figure 7 , we further show the accuracy of model order reduction with simulation results for the current obtained from several reduced models of different dimensions. In Figure 6 , the simulation results are from four different reduced models of dimension 100, 200, 500, and 1000, respectively by the conventional projection technique. In Figure 7 we plot simulation results, which are from three different reduced models of respective dimensions 20, 50, 100 by the proposed transformation projection technique. From Figure 6 , we can see that the results of the reduced models by conventional projection The figures display the current as a function of voltage (not in time) as this is the usual way to represent voltammograms. The solid line is the result computed by full simulation of the original large model, the dashed line is the result computed by the small reduced model. The results of the reduced model are accurate for a wide range of the dynamic behavior when the value of du/dt changes by three orders of magnitude (0.0005-0.5).
The major cost to integrate a system of ordinary differential Eq. (11) is the solution of a system of linear equations during time stepping. Let us compare the timing between a solution of a linear system of dimension n = 16912 for the original problem and dimension q = 100, 50, 20 for the reduced system. We use the sparse solver UMPACK 16 to solve a linear system for the original system, and LAPACK 17 to simulate the reduced system on the same workstation. The solution time on Sun Sparc Ultra-80 for the original system is 1.5 seconds, whereas solution of the reduced small model costs only 0.003, 0.0007, 0.0003 seconds respectively with respective speed factors 500, 2143, and 5000.
CONCLUSION
We have shown that it is feasible to apply model reduction in electrochemistry by addressing two major challenges: nonzero initial conditions and changes of the applied voltage in time. As was already mentioned, our case study is straightforward. However, it includes all features of a typical experiment in cyclic voltammetry and we believe that it is representative enough for this conclusion.
First, we have demonstrated that nonzero initial conditions are, mathematically speaking, far away from the low dimensional subspace that captures the system dynamics. The transformation technique presented in the paper allowed us to solve this problem and obtain a very accurate but low dimensional reduced system. Second, we have introduced a parametric model order reduction technique in order to build a compact model to describe a voltammogram scan. Parametric model order reduction preserves the parameters in the original model in the reduced small model in the symbolic form so that the reduced small model can replace the original large model in simulation of a wide range of parameter values. At the same time, the reduced model produces solutions as accurate as the solution computed directly from the original large model.
